Introduction
An Enriques surface over an algebraically closed field k of characteristic 4=2 is a nonsingular projective surface F with Hi(F, (gv)= H2(F, Or)=0, 2Kv=0. The unramified double cover of F defined by the torsion class K v is a K3-surface F, a nonsingular projective surface with HI(F,(gr)=0, Kr=0. The study of Enriques surfaces is equivalent to the study of K3-surfaces with a fixed-point-free involution z. In particular, the automor_phism group Aut(F) of F is isomorphic to the group Aut(ff, z)/(z), where Aut(F,z) is the centralizer of z in the automorphism group Aut(F) of ft. In the case k=~, the field of complex numbers, the study of Aut(F) is based on the Global Torelli Theorem for K3-surfaces proven by I. Piatetski-Shapiro and I. Shafarevich in [19] . It follows from this theorem that up to a finite group the group Aut(ff) is isomorphic to the quotient group O(Pic(F))/W, where O(Pic(F)) is the orthogonal group of the Picard lattice of ff and W its normal subgroup generated by the reflections into the classes of nonsingular rational curves. For a "generic" Enriques surface F this theorem allows to compute Aut(F) (see [3] and also [17] , where this result is not stated explicitly). For an arbitrary F the relation between F and ff does not help, since it is very difficult to compute the action of z in Pie(if). However, by other means, we can prove the following analog of Piatetski-Shapiro and Shafarevich's result: Theorem. Let F be an Enriques surface and Hr= Pic(F)/Tors. Let W~ be the subgroup of the orthogonal group O(HF) generated by reflections into the classes of nonsingular rational curves on F and G be the subgroup generated by Wf~ and the image Aut(F)* of Aut(F) 
in O(Hr). Then W~ is a normal subgroup of G and G is the semi-direct product of W~ and Aut(F)*. Moreover, if k=lU then G is of finite index in O(HF).
Our proof of this theorem depends upon the Global Torelli Theorem for Enriques surfaces proven by Horikawa in [12] . However, we use it differently than the similar theorem has been used in the case of K3-surfaces. As in the latter case we believe that the above theorem is true for k#~. For example, we know that Aut(F) is always infinite if W;={1} and finite if W~ is of finite index in O(H~). An example of the latter situation is given in the paper. The Enriques surface from this example is not new, it was used by Horikawa in [12] for other aims. It also gives an example of an Enriques surface for which Aut(F) does not act faithfully on the cohomology. Independently (and earlier) a similar example was constructed by W. Barth (see [3] ).
This paper originates from an inspiring lecture of C. Peters about automorphisms of a "generic" Enriques surface. I owe to him for this very much. I also want to thank the Mathematics Institute of the University of Warwick and the Max Planck Institut f'tir Mathematik in Bonn for providing the most stimulating atmosphere during the time when this paper was being written. I am very grateful to the referee for correcting a mistake in the proof of Theorem 4,3.
w 1. The double plane construction
In this section we recall the classical construction of the presentation of an Enriques surface as a double cover of the projective plane IP 2 branched along the union of two lines and a special curve of degree 6 ([1], Chap. X). A better version of this construction is the presentation of an Enriques surface as a double cover of a 4-nodal Del Pezzo quartic surface or its degeneration branched along a nonsingular curve of degree 8 and the singular locus. This construction is well-known to the experts (see, for example, [3, 9, 23] 1.3. The following facts about the surfaces S from above are well-known and can be easily proven. Up to a projective isomorphism there are only two such surfaces. The first is given by the equations 2 2 Xo+X,+x =0, It contains 4 ordinary double points P• =(0, 1, +_i,0,0) and P~: =(0,0,0,1, +_i) as its singularities. It also contains the four lines I• = {x I +ix 2 =x3~ix4=x o =0} and l' +_ = {x 1Tix2 =X3-{-ix4 =X0 =0} which form a quadrangle with the vertices at the points P+, P'+. We will refer to this surface as a 4-nodal Del Pezzo quartic surface.
The second surface can be given by the equations:
It contains two ordinary double points P_+ =(0, 1, +i,0,0) and a double rational point P'=(0,0,0,0,1) of type A 3 as its singularities. It also contains two lines l+ = {x 0 =x 3 =x a +ix2=0 } which join the point P' with the point P+_ respectively. We will refer to this surface as a degenerate 4-nodal Del Pezzo quartic surface. (2) [ be the open subvariety parametrizing the curves with at most a,, d,, e,-singularities (i.e. neither infinitely near triple points nor points of multiplicity >4 occur) which do not pass through the singular locus of S. The group Aut(S) acts regularly on U. One can check that U is contained in the set of semistable points for the action of Aut(S) in l(gs(2)l (see [13] , where it is done for an equivalent problem Proof Standard, therefore omitted (see, for example, [4] and use [14] , where it is proven that F is not quasi-elliptic). [6] , Chap. IV, w 1, n ~ 1). We will prove that x'=x by induction on l(w)= k. If l(w)
shows that x.
[E~]=0 and hence x'=sE~(x)=x. Let w=sE~ow', l(w')=k-1. Then by [15] , Proposition 1.5, w'(C"F) c{xeV/:x.
[Ek]>0 } (though our situation is a little different, our root base is infinite, the proof goes through in the same way). Thus
w(x). [E~] = (w'(x) + (w'(x). [Ed) [~d)" [E~] = -w'(x). [E~] _<_ 0 and hence w'(x). [Ek] =0 and w(x)= w'(x). By induction we get w'(x)=x.
(iii) Follows from the proof of (ii). Another proof can be given by using the crystalline cohomology instead of flat cohomology (see [21] , where the similar argument is used for proving that the Picard lattice of a supersingular K3-surface is p-elementary 
r+-: O(LK3)~ Let F=r-(O(LKy ).
The group F is an arithmetic subgroup of 0(2, 10), it acts discontinuously on D and the quotient space D/F is an irreducible algebraic variety ( [12] , p. 86). The image of the point P(F, ~b) in D/F is independent of a choice of ~b. It is denoted by P(F) and is called the period of F. According to [12] we have the Global Torelli Theorem for Enriques surfaces:
if and only if P(F) = P(F').
Theorem. The period map (F,j)--,P(F) defines a quasi-finite morphism of algebraic varieties P: M~ = M"~S~M)-*D/F
Proof. We can prove it separately for M~ s and M~. We do the first part, the 
P: U/Aut(S) = M~'-,D/F.
The fibres of P are set-theoretically the isomorphism classes of U-marked Enriques surfaces (F,j) with the fixed isomorphism class of F. Clearly, they are discrete. Therefore, the fibres of P are finite.
Corollary. Let F be an Enriques surface. Then the number of nonisomorphic embeddings j: U -* H F is finite.
2.5. Remark. The degree of the map P was computed in [3] . It is equal to 27. 17.31. It is known that P(M~)cP(M~ ~) (F. Cossec). The variety D/F is obviously unirational. It is not known whether it is rational (M~ ' is rational). (see [10] ). This shows that Aut(F)* is always a subgroup of W. If k=C then for a generic F the group Aut(F) is isomorphic to the 2-level congruence subgroup W(2) of W,, i.e. the subgroup of the elements of W which act identically on He/2H e (see [3] and also [17] , w where the result is not stated explicitly). The next result can be proven using the following purely algebraic fact which was stated in [7] without complete proof, and has been proven recently by E. Looijenga.
"Let a o = idvG-ideEO(UA_ Es). Then W (2) is generated by the conjugates of e 0 in W".
Proposition. Suppose F does not contain nonsingular rational curves. Then Aut(F)* contains W(2).
Proof. Let j: U~H F be an embedding. By 1.9 it defines a standard pair (Ifl, lf'l) and the corresponding double cover ~b(j): F--+S, where S is a 4-nodal Del Pezzo quartic surface. Let 7(j)eAut(F) be the corresponding involution of F. The fixed locus of 7(J) is a nonsingular curve of genus 5 and four isolated points. By the Lefschetz fixed point formula Tr(y(j)*lHe)= -6. Obviously y(j)* acts identically on j(U). Hence Yr(3,(j)*lj(U)')=-8. On the other hand 7(j) 2 =id and rk(j(U)l)= 8. This shows that 70)* acts as -id on j(U) • and as idj~v) O(-idj~v) ) on H e. Choosing an isometry Z: He--+UA-E8 such that z(j(U))= U, )~(j(U)• we may identify 7(j)* with the involution a0 from 3.6, i.e. ~-1 o 7(j)*o X=a0. Replacing j by an embedding woj, weW, we get
This shows that the isometry ~ defines an isomorphism of W(2) onto a subgroup of Aut(F)*.
Remark. The fact that a double cover F---,S induces the involution a o in
Hem UA_E 8 was pointed out to me by C. Peters. It has a striking analogy with the corresponding result for the double covers of Del Pezzo surfaces of degree 1 and 2 induced by the anti-bicanonical and anti-canonical linear system respectively. Namely, this involution induces -id on the sublattice of the Picard group consisting of the classes orthogonal to the canonical class. The latter is isomorphic to the lattice E s and E 7 respectively. It is known (see [6] , Chap. VI, w 4, Ex. 1 and 3) that W(Es)(2) and W(ET)(2) are equal to { _+ id}.
3.9.
Remark. Let Y be a rational surface obtained by blowing up 10 points in IP 2. It is easily seen that the orthogonal complement of the canonical class K v in Pic(Y) is isomorphic to the lattice U_kE s. In the case when the 10 points are the ten double points of a rational curve of degree 6 one can develop the theory of the surfaces Y which is quite similar to the theory of Enriques surfaces. In particular, using the ideas of [7] , it can be shown that Aut(Y)~ W(2) for generic Y. We hope to discuss the Coble surfaces Y in a future paper.
3.10. Remark. If k=~2 we can prove by using the Global Torelli Theorem for K3-surfaces that Aut(F)* is normal in O(Hp) for generic F. Since the group W/W(2)~O+(IO, IF2) (see [-8, 11] ) is almost simple (it contains a simple subgroup of index 2), Proposition 3.7 implies that Aut (F)-~ W(2) for a generic F. The same statement is true for Coble surfaces.
w 4. An example
In this section we give an example of an Enriques surface with finitely many automorphisms.
4.1. It is known that every Enriques surface F has an irreducible pencil of elliptic curves which defines an elliptic fibration f: F~IP 1 (see [4] ). As we saw in w 1 this fact follows from the existence of an embedding j: U~H v and is used for proving that such embeddings exist in the case char(k)4:0 (see Proposition 2.1). Let f': J~IP ~ be the Jacobian fibration associated to f. It follows from the theory of elliptic surfaces (see [1] , Chap. VI) that the group J(IP 1) of sections of f' acts on F. In particular, Aut(F) is infinite if J(IP 1) is infinite. The surface J(F) is rational, it is obtained from IP ~ by blowing up the base points of a pencil of cubic curves. A well-known formula for the rank of J(IP 1) (one can find it for example in [2] ) implies that J(IP ~) is finite only if the number of irreducible components in the union of the reducible fibres of f' (and hence of f) is equal to 8 + k, where k is the number of the reducible fibres. This shows that Aut(F) is always infinite if F does not contain nonsingular rational curves, because only they can be the irreducible components of the reducible fibres of f. This is another proof of Corollary 3.5, where k is an arbitrary field of characteristic 4:2. Also, it suggests that we have to look for an Enriques surface with finitely many automorphisms among the elliptic Enriques surfaces with "large" degenerate fibres. (2) [ and blows down the curve E~ to a node of B. It follows from the Jung resolution of the point e 6 that the involution gt switches the curves E 1 and E 8, E z and E 7, E 3 and E6, and leaves the curves E4, Es, E'I, E~ invariant. The fixed point set of gl is the union of the curve Es, a nonsingular elliptic curve/~ and four isolated points.
We see that g~ induces an automorphism of G(F) which is the reflection with respect to the middle line. Let f: F~IP 1 be the elliptic fibration induced by the pencil [2f0 [. The Jacobian fibration f': F'---,IP 1 has a section of order 2 which acts by translation on F sending the curve E 5 to the curve E' 1. Let g2 be the corresponding involution of F. It is easy to see that g2 induces an automorphism of G(F) which is the rotation about 180 ~ Together with g~ the involution g2 generates the automorphism group of the diagram.
Let go be the involution of F defined by the degenerate standard pair (]f~I,E'2),wheref~=E'~+2E+3Es+4Ev+5E6+6E4+3Es+4E 3. The corresponding map F~S blows down the curves E 2, ..., E 8, E to a es-point of the branch curve /~'ClCs(2)l. The fixed point set of go consists of the curves E, E 2, E4, ET, a nonsingular elliptic curve B' and four isolated points. One easily sees that go leaves all the curves Ei, E and E' i invariant. Hence g* =idn.
The curve /~" intersects E s transversally at one point. Therefore, go has fixed point on all fibres of Ifll and cannot exchange the two reduced fibres of ft.
This immediately implies that go --ldpic(F)'
In particular, go induces the trivial automorphism of the graph G(F). It follows from [24] , p. 334, that the vertices of the graph G(F) represent the set of all nodal curves on F. Thus, the group Aut(F) acts on G(F). As we saw above, the corresponding homomorphism r: Aut (F) ~ Aut (G (F)) = 7Z/2 | Z/2 is surjective and goeKer(r).
Let go be a nontrivial element of Ker(r). Since it leaves the curves E, El, E 8 and E'~ invariant, it must fix the points Ec~Et, Ec~E 8 and Ec~E' 1. This immediately implies that g0 fixes the whole curve E pointwise (a nontrivial automorphism of finite order of IP t has 2 fixed points). Since the set E'~ c~ E~ is goinvariant, gO 2 has at least three fixed points on E'~. This implies that go 2 fixes E'~ pointwise. However, the fixed point set of any automorphism of F of finite order is smooth. Since E intersects E'~, we obtain that go 2=id v. In the same way, we see that g0 cannot fix E 1 pointwise. an elliptic pencil on if with two degenerate fibres of type E 7 and a fibre of type A 3 (we use that p splits over the fibre fl and does not split over the fibre f2). The pull back of the 2-section E splits under p into two disjoint sections of this pencil. This easily implies that rk(Pic(F))= 19 or 20. In the latter case Aut(F) must be infinite (see [22] or [17] ). If rk(Pic(ff))= 19 and Aut(ff) is finite, then Enriques surface F whose automorphism group does not act faithfully on Pic(F) was constructed by W. Barth (see [3] ). The impossibility of this was erroneously claimed in [25] . The error was pointed out later by C. Peters. 
